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Abstract. In this paper, we try to answer the following question: given a 
modular tensor category A with an action of a compact group G, is it possible 
to describe in a suitable sense the "quotient" category A/GI We give a full 
answer in the case when A = Vec is the category of vector spaces; in this case, 
Vec/G turns out to be the category of representation of Drinfeld's double 
D{G). This should be considered as category theory analog of topological 
identity {pt} //G = BG. 

This implies a conjecture of Dijkgraaf, Vafa, E. Verlinde and H. Verlinde 
regarding so-called orbifold conformal field theories: if V is a vertex operator 
algebra which has a unique irreducible module, V itself, and G is a compact 
group of automorphisms of V, and some not too restrictive technical condi- 
tions are satisfied, then G is finite, and the category of representations of the 
algebra of invariants, V", is equivalent as a tensor category to the category of 
representations of Drinfeld's double D{G). We also get some partial results in 
the non-holomorphic case, i.e. when V has more than one simple module. 



Introduction 

The goal of this paper is to discuss the properties of the so-called orbifold models 
of Conformal Field Theory from the categorical point of view. 

For readers convenience, we recall here the main definitions and results, assuming 
that the reader is familiar with the notion of a vertex operator algebra. Let V be a 
VGA and G — a finite group acting on V by automorphisms. Then the subspace 
of invariants V*^ is itself a VGA. The main question is: is it possible to describe the 
category of V"~^-modules in terms of the category of V-modules and the group G? 



This question was asked in this form in |DVVV|. They didn't give a full an- 
swer, but did suggest (without a proof) an answer in a special case, when V is 
holomorphic, i.e. has only one simple module (vacuum module). In this case, 
the category of representa tions of V is equivalent to the cate gory o f vector spaces. 



The answer suggested in [ D V V V | and further discussed in DPR | is that in this 
case, the category of V"~^-modules is equivalent to the category of modules over the 
(twisted) Drinfeld double D{G) of the group G. The case of VGA's coming from 
Wess-Zumino-Witten model (or, equivalently, from affine Lie algebras) was studied 



in detail in |KT ] 



Many of the results of [ D VVV ] were rigorously proved in the language of VGA's 
in a series of papers of Dong, Li, and Mason; in particular, it is proved in [ DLMl| 



that in the holomorphic case, V considered as a module over both V'^ and G can 
be written as 

(0.1) V=^Vx^Mx 

AeG 
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where Vx are irreducible G-modules and M\ are non-zero simple pairwise non- 
isoniorphic V"^-modules. However, even in the holomorphic case the full result 
(i.e., that the category of V"-^-modules is equivalent to the category of modules over 
the (twisted) Drinfeld double D{G)) is still not proved. 

In this paper we suggest a new approach to the problem. The main idea of 
this approach is not using the structure theory of VGA's. In the author's opinion, 
all the information about VGA's which is relevant for this problem is encoded 
in the category of representations of V. For example, the pair C V can be 



described in this way: as discussed in | KG | , such a pair is the same as an associative 
commutative algebra in the category C — Rep V'^ with some technical restrictions. 
Thus, if we know some basic properties of C — e.g., that this category is semisimple, 
braided, and rigid — then we can forget anything else about VGA's, operator 
product expansions, etc. Instead, we use well-known tools for working with braided 
tensor categories, such as graphical presentation of morphisms. 

Using this approach, in this paper we give an accurate proof of the above con- 
jecture; for simplicity, we only consider the case when all the "twists" , i.e. phase 
factors, are trivial. In this case, the main result reads as follows. 

Theorem. Let V be a VOA, G - a finite group of automorphisms of V, and V"^ - 
the algebra of invariants. Assume that 

(1) V is "holomorphic", i.e. has a unique irreducible module, V itself, so that 
Rep V = Vec. 

(2) Rep V*^ is a semisimple braided rigid balanced category 

(3) V has finite length as a V'~^ -module 

(4) Certain cohomology class oj G H^{G,C^) defined by V is trivial 

Then the category Rep V*^ is equivalent to the category of modules over D{G, H) = 
C[G] K T{H) for some normal subgroup H C G. If in addition, we assume that 
Rep V'' is modular, then H = G so RepV"~' ~ RepD(G). 

In this paper we assume that the reader is well familiar with braided tensor 
categories and in particular, with the technique of using graphs to prove identities 
in such categories, developed by Reshetikhin and Turaev. This can be found in 



many textbooks (see, e.g., [Ka|); we follow the conventions of |BK|. Conversely, 
knowledge of vertex operator algebras and conformal field theory is not required: 
they do not even appear in the paper except in this introduction. 

The paper also makes heavy use of results of p<!G| | , so we suggest that the reader 
keep a copy of that paper handy. 



1. Preliminaries 

Throughout the paper, we denote by C a semisimple braided tensor category over 
C, with simple objects Li,i G I ("simple" always means "non-zero simple"). As 
usual, we assume that the unit object is simple and denote the corresponding index 
in J by 0: 1 = Lq. We assume that all spaces of morphisms are finite-dimensional 
and denote {V,W) = dim Home (V^, VF); in particular, {Li,V) is the multiplicity of 
Li in V. 

As any abelian category, C is a module over the category Vec of finite-dimensional 
complex vector spaces, i.e. we have a natural functor of "external tensor product": 



(1.1) 



M:VecxC 
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defined by Hom(Li, V ^ L) = V ^ Hom(Li, L) (more formally: V ^ L is the object 
representing the functor F{M) — V ® Honi(M, L)). This functor is bilinear and 
has natural associativity properties: 

V M [W M L) = {V ®W)M L 

(1.2) VM{L®M)^{VML)®M 
{V^L)®{W^ M) = {V (g,W)M{L® M) 

(here = means "canonically isomorphic"). Abusing the language, we will sometimes 
use ® instead of Kl. 

Also, we denote by G a compact group (e.g., G can be finite) and by RepG 
the category of finite-dimensional complex representations of G. This category is 
semisimple. We denote by G the set of isomorphism classes of simple G-modules, 
and for each A S G we choose a representative V\. 

We denote by C[G] the category whose objects are pairs 
(Af G C, action of G by automorphisms on M). In particular, each object of C can 
be considered as an object in C[G] by letting G act trivially. This category has the 
following properties, proof of which is left as an exercise to the reader. 

(1) C[G] is a semisimple rigid braided tensor category, with simple objects 

(2) Define the functor of G-invariants C[G] C by 

Homc(L,, Af^) = (Homc(L„ Af))G = Homc[G] (^», M), 

i.e. iVMLi)'-^ ~ V'-^MLi. Then this functor is exact, and one has canonical 
embedding 

(1.3) '-^ {X ®Y)^ 

(3) One can define canonical functor of "exterior tensor product" 

H: RepG X C[G] C[G] 
which has the associativity properties (|l.2|). 



2. Untwisted sector 
Throughout the paper, we let A be a C-algebra (i.e. an object of C with a 



map fx: A ® A ^ A) as defined in [K0|. We also assume that G acts on A by 



multiplication-preserving automorphisms and that A'^ = 1 (recall that by axioms 
of C-algebra, one has canonical embedding 1 > A and the multiplicity {A, 1) — 1). 
In addition, we will also assume that C is rigid and balanced, and that A is rigid 
and satisfies 9a = id. 

Our main goal is to describe the category C in terms of the group G and the 



category Rep'^A (see [KO] for definitions). The main motivation for this comes 
from the orbifold conformal field theories, as explained in the intro ducti on; in this 
situation, C = RcpV'"^, and A is V considered as a V'~^-module (cf. |K0[ ). We will 
freely use results and notation of ||K0|| . 

We start by describing the structure of A as an object of C. 

Define a functor <I> : Rep G — > C by 

(2.1) V^{V^A)^. 



4 



ALEXANDER, KIRILLOV, JR. 



In other words, if one writes 

A=^VxMMx 
for some Mx G C, then $(VX) = Mx- 

2.1. Theorem. $(C) = 1 and {<^>iVx), 1) = /or Vx ?^ C. 

Proof. Immediate from definitions. □ 
Our next goal is to prove that under suitable conditions, $ is a tensor functor. 



An impatient reader can find the final result as Theorem 2.11 below. We start by 
constructing a morphism ^{V) ® ^{V ® W). 

2.2. Theorem. Define the functorial morphism J: ^{V) (X) ^{W) ^{V W) as 
the following composition: 

{V H Af ^{WM Af ^ {{V ®W)^{A(x) A))^ A {{V VK) H Af 



(we have used (1.2), (1.3)). Then J is compatible with associativity, commutativity, 



unit, and balancing morphisms in Rep G,C. 
Proof. Immediate from definitions. □ 

This theorem allows one to define functorial morphisms J : ^{Wi)®. . . $(W„) — > 
$(Wi (g) . . . (g) Wn). For future use, we explicitly write the functoriality property: 
for any /: Wi — > VF/, the following diagram is commutative 

$(M^i) $(W„) $(M^i) ®...® $(W/) ®...® $(W„) 

J 

<i>(i(8...(8f®...®i) 

^(Wl ®...®Wn) ^ $(VKl ®...®Wi®...(»Wn) 

2.3. Remark. We do not claim that J is an isomorphism: in general, this is false. 

Now let us use rigidity of A. We denote by ey : (g) F ^ 1, zy : 1 F ® 
the canonical rigidity morphisms, and by diniM dimension of an object Af G C 

2.4. Theorem. For every V G RepG, the map 

(2.2) e: <^{V*) ® ^{V) ^ $(F* ® V) $(C) = 1 

gives an isomorphism $(V^*) ~ ^{V)* . In other words, there exists a morphism 
?: 1 — > '^{V) ® ^{V*) such that e,i satisfy the rigidity axioms. 

Proof. It is easy to see that for any X G C[G], the morphism {X*)'^ ^ X'^ ^ 
{X* ® X)^ ^ 1^ = 1 identifies {X*)^ ~ [X^y (here we have used (|r|) and 
functoriality of X i-^ X'^). Combining this with the definition of J and rigidity of 
A we get the statement of the theorem. □ 

2.5. Theorem. For any V,W e Rep G, the morphism J: ^{V) (g) ^{W) ^{V (g) 
W) is injective. 
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<i>{V*(^V(g,W) 

r 



Figure 1 . Definition of / 



*(e®l) 



<^{V*®V®W) 



J 



*(e8)l) 
J 



^{V) 



<^{V) 



J 



Figure 2. Proof of IJ = id 

Proof. Define tlie morpliism /: ^{V ® W) — > ^{V) ® by the graph shown in 

Figure |l|. 

Then the composition / J: $(V") ® ^{V) ® <^{W) can be rewritten as 

shown in Figure y and thus, IJ = id which proves that J is injective. 

□ 



2.6. Theorem. Let V\ he an irreducible representation ofG. 
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^(eOl) 

J 



Figure 3. Definition of /: $(VX) $(Fa ® P^) ^ 



(1) <&(Va) is either zero or a simple object in C. 

(2) //A, fied^X^ fi are such that $(Fa) 7^ 0, $(V^) 7^ 0, then ^(Vx) 9^ *(V;, 



Proof. Using Theorem 2.1, Theorem 2.5, we get 
Thus, using 



, 1) = <5am 

/.t we get 



(see Theorem |2J) for A 
$(Va)*, 1) < 1, which shows that ^{V\) is either simple or zero, and for A 7^ /it, we 
get mVx)^ ^Vf,)*, 1)^0. □ 

2.7. Lemma. Let Va &e an irreducible representation of G such that $(Va) 7^ 0. 
Then the composition 

1 ^ $(Fa) ® $(T/a*) ^ $(Va ® V^) 
is equal to ^{ix), where ix is the canonical map C ^Vx(E)V^. 

2.8. Remark. For $(Va) = 0, this lemma obviously fails. 

Proof. Denote this composition by (p. Since ($(Va (8> V^*),l) — 1, one has (p = 
c^{ix) for some c G C. To find c, compose both (yS and $(«a) with the morphism 
/: ^V;;)^{Vx ® V^A*) ^ *(^A*) shown in Figure |. Ar guing as in the proof of 



Theorem [2.5|, we see that — f^{ix) ~ id$ 



□ 



2.9. Theorem. //A £ G sitc/i i/iat $(V3^) 7^ 0, f/ien J: $(V3^)(g)$(W^) ^ $(Fa®T^) 
is an isomorphism for any W G RepG. 



Proof. Let / be as in the proof of Theorem 2.5. Let us calculate JI. Using 
Lemma 2.7 and functoriality of J, we can rewrite J I as shown in Figure ^ 

Thus, JI ~ id. On the other hand, it was proved in Theorem ^.5| that IJ = 
id. □ 

Now, let us assume that the action of G on A is faithful, that is, every g G G,g ^ 
1 acts on A by a non-trivial automorphism. 

2.10. Theorem. // the action of G is faithful, then <J>(Va) 7^ for any A G G. 



Proof Let / = {A e G I ^ 0}. Then, by Theorem |2j, / is closed under 

duality (as usual, we denote by A* the class of representation Vx ). Denote by N^^ 
the multiplicities in the tensor product decomposition: Vx®V^ ^Xfi^t^- Then 

(2.3) ^Am = if A,i.e/,M^/. 
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^{V(g)W) 



J 
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^V*(»V(»W) 


J 









<i>{V(E)W) 






<i>{V(SV*®V(»W) 


J 


/ 


<i>{V*(SV(SW) 






<^>{V(g)W) 




I <l>iV (E)W) 
<i>{V(S)V*(E)V(S)W) 

jH i J 



<^{V(E)W) 



*(l(8e®l 



*(l®e(»l) 



Figure 4. Proof of JI = id 

Indeed: if N^^ / 0, then there is an embedding K C Va V^, which gives 
$(K) C $(14 ® l^-) - *(^a) $(V^;.) ^ 



(by Theorem 2_^), which contradicts <i>(V,y) ^ 0. 
By using iVj;^^ = ^\v'^ '^^^ rewrite (2.3) as 

(2.4) if A,a* e/,J/^/. 

Let A be the full subcategory in RepG generated (as an abelian category) by 
Va,A G /. Then it follows from (2.4) tha t A is closed under tensor product; it is 
also closed under duality (by Theorem 2.4 ) and contains C (by Theorem 2.1). By the 
usual reconstruction theorems, this means that A is the category of representations 
of some group H which is a quotient of G. But by assumption, the action of G 
on A is faithful, which means that the action of G on ® ^g/ faithful. Thus, 
H = G, I = G. □ 

Combining all the results above, we get the main theorem of this section. 

2.11. Theorem. Let A be a rigid C-algebra, 6a ~ 1, and G — a compact group 
acting faithfully on A. Then 

(1) 

(2.5) A ~ K Ma 
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where Mx = '^{V^) are non-zero, simple, and Mx 9^ Af^ for X ^ 11. 
(2) Let Ci be the full subcategory in C generated as an abelian category by 
Mx, A S G. Then Ci is a symmetric tensor subcategory in C, and the 
functor 4> : Rep G — > Ci defined by is an equivalence of tensor cate- 

gories. 

2.12. Corollary. G is finite. 



Proof. Immediate from ( |2.5| ) and finite-dimensionality of spaces of morphisms in 

e. □ 



2.13. Corollary. R 



AA 



2.14. Example. Let G be a finite group, C — RepG, A — J-{G) — the algebra 
of functions on G, with the usual (pointwise) multiplication. Formula g5h — Sgh 



makes A a G-module and thus, an object of C. It is trivial to show (see |K0]) that 
A is a rigid C-algebra, and Rep A = Vec. 

We also have another action of G on A, by 'Kg5h = ^hg-^- This commutes 
with previously defined and thus, defines an action of G by automorphisms on A 
considered as a C-algebra. In this case, the functor $ is an equivalence of categories 
RepG ~ C, and the decomposition ( ^.5| ) becomes the standard decomposition 

HG)^^Vx^V^. 
\eG 

Let us return to the general case. 



2.15. Theorem. Under the assumptions of Theorem ^.11 , consider A € Ci CZ C as 



an object o/RepG using equivalence $. Then A ~ ^(G) with multiplication, struc- 



ture of G-module and action of G by automorphisms as defined in Example 2.14. 



Proof. It is immediate from Theorem 2.11 that A lies in Ci ~ Rep(G) and that as 
an object of Rep(G), A — ®xeG ^aKIF^*. The structure of G-module is determined 
by the action on the second factor, and the action of G by automorphism is defined 

by the action on the first factor. 

On the other hand, it is shown in ||K0|] that any algebra in category Rep G must 
be of the form A = !F{G/H) for some subgroup H. Combining these statements, 
we see that H = {1}, A = T{G). □ 

2.16. Corollary. G is the group of all automorphisms of A as a C-algebra. 

2.17. Corollary. dimA= |G|. 

Of course, in general case C can be (and usually is) larger than Rep G. A very 
important example is when C is the category of representation of D(G) (the Drinfeld 
double of G), and A = J-{G) G Rep G C Rep D{G) with the same action of G as in 



Example 2.14. This example plays an important role in what follows; it is discussed 
in detail in Section ^ 

2.18. Example. Let G be commutative. Then all its irreducible representations 



are one-dimensional, and it immediately follows from Theorem 2.11 that 

A ~ Ma 



AeG 
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where AI\ are non-zero, simple, pairwise non-isomorphic objects in C and Mx (g) 
Mfj, ~ Mxfj^. This case is weh studied in numerous papers under the name "simple 
currents extensions" ; a review of known results can be found, e.g. 



in |FM£] and 



3. Example: D{G) 
Let D{G) = C[G] x T{G) be the Drinfeld's double of the finite group G (see. 



e.g., P3K| ), and let C be the category of finite-dimensional complex £)(G)-modules. 
As is well known, this category is equivalent to the category of G-equivariant vector 
bundles on G. An object of this category is a complex vector space V with an action 
of G and with a G-grading: V = ©gg^ Vg such that gVx C Kjxg-i , or, equivalently, 
wt{gv) = gwt{v)g~^ , where wt(i') S G denotes weight of a homogeneous v G V. 
The tensor product in C is the usual tensor product, with wtiv iSiw) = wt{v)wt{w). 
The braiding in C is given by i? = PR, where 

(3.1) R=Y,Sg(E>geD{G)(g>D{G). 

g&G 

In other words, if v,w are homogeneous vectors in V, W respectively, then 

R{v (E)w) — gw ® g — wt{v). 

It is also known that Rep I?(G) is semisimple, and the set of isomorphism classes 
of simple objects is (g,7r)/G where 17 G G,7r - an irreducible representation of the 
centralizer Z{g) — {h € G \ hg — gh}, and G acts on the set of pairs ((?,7r) by 
h{g,iT) = (hgh^^^TT o h^^). We will denote the corresponding representation of 
D{G) by Vg,^. 

Let A = T{G)\ consider it as object of C by endowing it with the standard action 



of G (same as in Example 2.14 ), and by letting wt{v) = 1 for all v G A. 
3.1. Lemma. A is a rigid C-algehra, with 6a = 1- 
The proof is straightforward. 



As in Example 2.14, wc also have an action of G by automorphisms on A defined 
by TTgSh = Shg-i, and A^ ^ 1 = ^{J^heG ^h) ■ 

We remind the reader that for every C-algebra A, one can define the category 
Rep A of ^-modules and two natural functors F: C Rep A, G: Rep A C (see 
|K0| ) . The category Rep^ is a tensor category; we denote tensor product in Rep A 
by ®A- 

3.2. Theorem. The category Rep^ is equivalent to the category GVec of G-graded 
vector spaces. Under this equivalence, the functor (gjA becomes the usual tensor 
product of vector spaces with the grading given hywt{v®w) = wt(w)wt(u)), and the 
functors F, G are given by 

F{V) — V forgetting the action of G but keeping the grading 

G{V) — T{G) ® V with grading given by wt[5g ®v)— gwt{v)g^^ 

Proof. It is immediate from the definition that Rep A is the category of G- modules 
with G X G-grading such that 

wt{gv) = {gxg^^,gy) if wt(u) = {x,y) e G x G 
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Indeed, the action of G and the first component of the grading define V as an object 
of C, and the second component of the grading defines the action oi A: if v ^ V is 
homogeneous, then 

0, otherwise 



6gV 



Define a new G x G-grading wt by 

wt{v) = {y^'^xy, y) if wt(t;) = [x, y) 
(which impUes that wt(w) = {yxy^^,y) if wt(u) = {x,y)). Then 

wt{gv) = {x, gy) if wt(i;) = (5, y). 
From this it immediately foUows that the functor Rep A GVec given by 

(3.2) V^{veV \ wt{v) = (■, l)} = {veV \ ^t{v) = (•, 1)} 

considered with G-grading given by the first component of wt, is an equivalence of 
categories. The remaining statements of the theorem are straightforward. □ 

3.3. Corollary. The set of simple objects in Rep A is G. 

For future use we give description of the corresponding simple objects Xg in 
terms of G-graded vector spaces and in terms of G x G-graded G-modules. As a 
G-graded vector space, 

{X)h^l'^' 5 = /i 
^ lo, otherwise 

As a bi-graded G-module, Xg is given by 

(3.3) 

with wt(e2:,j,) — {x,y), the action of G and A given by 



y-^xy=g 



H{6h ® ex,y) 



hex^y — ^hxh^'^ Jiy 

^x^y 1 h y 

0. otherwise 



Note that the first component of wt(u), v e Xg is supported on the conjugacy class 
oig. 

This description immediately implies the following result: 
(3.4) G{Xg) = Vg^r(zia))= ® K,,. 

where tt is the representation space, considered with trivial action of D{G). 

3.4. Theorem. Rep° A = Vec which is considered as a subcategory in GVec con- 
sisting of spaces with grading identically equal to 1. 

Proof. Let V € Rep A\ for now, we consider y as a G x G-graded G-module, as in 
the proof of Theorem |3.2| . Then explicit calculation shows that 

RvARAv{^g ® v) = 5xg ® V if vfi{v) = (x, ■). 
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V, xg = y 
0, otherwise 



Therefore, 

IJ,vRvARAv{Sg <S>v) = 
where wt{v) = {x, y). Comparing it with the usual formula for action of A, 

l^v{5g ® v) 



V, 9 = y 

0, otherwise 



we see that /iy = ^vRvaRav iff wt(i;) — (1, •) for all v €V. □ 

For future use, we give here two more results about D{G). First, define the map 

r: DiG) D{G) 

(3.5) \' y 

Then it is trivial to check the following properties. 

3.5. Lemma. (1) r is an algebra automorphism. 

(2) T is coalgebra anti- automorphism: AT(a) = r T{A°Pa), t o S = S o t, 
where S is the antipode in D{G). 

(3) {t(^t){R)=R-\ 

Thus, if we define for a representation V of D{G) a new representation 
which coincides with F as a vector space but with the action of D{G) twisted by 
t: nv^ia) — Try (ra), then one has canonical isomorphisms {V (g) Wy = (S) 
yr ^ (Y*y — (Y'^y and thus, r gives an equivalence 

(3.6) r: (Rep £»(G))°^' ^ Rep£»(G), 

where (Rep D(G)yP coincides with Rep D{G) as an abelian category but has tensor 
product and braiding defined by V (gi^P W = W (g) V, R"p = R'^. 

Second, note that D{G) can be generalized as follows. Let H G G he a, normal 
subgroup. Define 

(3.7) D{G,H) = C[G]iK J^{H). 

One easily sees that it is a quotient of D(G): D{G,H) = D(G)/Jh, where Jh 
is the ideal generated by 6g,g € G\H (this is a Hopf ideal). For H = {1}, we 
get D{G,H) = C[G]; for H = G, D{G,H) = D{G). One also easily sees that 
Repr'(G, 7?) is the subcategory of RepZ)(G) consisting of representations such 

that wt(z;) e H. 

3.6. Theorem. Let A C RepD{G) be a full subcategory containing RepG {which 
we consider as a subcategory in RepD(G) as before), and closed under duality, 
tensor product, and taking sub-objects. Then A = BjepD{G,H) for some normal 

subgroup H C G. 

Proof. The proof is based on the following easily proved lemma. 

3.7. Lemma. Let (71,(72 G G and let tti,tt' be irreducible representations of Z(gi), 
Z{gig2) respectively. Then there exists TT2 — an irreducible representation of Z{g2) 

such that (Fgi.Tri <8) Vg^^„^,Vg^g^,„') ^ 0. 
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Figure 5. Definition of g- twisted module 

Using this lemma with 172 = 1, we see that if Vg^^T^i £ -A., for some tti G Z(gi), 
then for all tt G Z{gi), Vg-^,-^ G A. Using this lemma again, we see that the set 
H = {g ^ G \ Vg,T! G A} is closed under product. Since Vg^T^ — V/i^/i-i tto/i-i, this 
set is also invariant under conjugation. Thus, i7 is a normal subgroup in G. 

□ 

We also need the following theorem. 
3.8. Theorem. Ke^D{G,H) is modular iffH^G. 

Proof. It is well known that Rep _D(G') is modular; thus, let us prove that if 
H ^ G then Rep -D(G',iJ) is not modular. As discussed above, simple objects 
in Hep D{H,G) are Vg^T^^g G H. Let tt be a formal linear combination of irre- 
ducible representations of G such that tr7r(/i) = for all ft, G i/; such a tt always 



exists if 77 7^ G. Then it follows from explicit formulas for s (see, e.g., |BK|) that 

■S(l,7r),(/i,7r') = 

for all h G i?, tt' G Z{h). Thus, s is singular. □ 

4. Twisted modules 
As before, we let A he a rigid C-algebra with 9a — id, and G — a compact group 



acting faithfully on G by automorphisms (by Corollary 2.12 , this implies that G 
is finite). For every g G, we will denote the corresponding automorphism of A 
by TTg. We use the same notation Rep A, Rep° A, /zy : A (gi V ^ V and functors 
F: C Rep A, G : Rep ^ — * C as in IKOI . We will also use the same conventions 



in figures as in [K0|, representing A by dashed line. 

From now on, we will also assume that A is such that Rep° A has a unique simple 
module, A itself; thus, Rep" A ~ Vec. This corresponds to "holomorphic" case in 
conformal field theory; for this reason, we will call such A "holomorphic" . 

4.1. Definition. Let g G G. A module X G Rep A is called twisted if 

= /i o (TTg-i (g)id): Ai^V ^ V 

(see Figure ^). 

In particular, X is 1-twisted iff AT G Rep° A. This definition is, of course, nothing 



but rewriting in our language of the definition given in [DVVV] 
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4.2. Example. In the situation of Section g, the simple module Xg is p-twisted. 
Indeed, 

I 0, otherwise 

But for Xg, y^^xy — g, which trivially implies that xh = y hg — y. Thus, 

liR'^iSh (8) Cr^^y) = fi{Shg (E) e^^y). 

The key result of this section is the following theorem. 

4.3. Theorem. Assume that Rep" A — Vec. Then every simple object Xi G Rep A 
is g -twisted for some g = giXi) G G. 

Proof. The proof is based on the following lemma. 

4.4. Lemma. If X G Rep A is simple and A is holomorphic, then 



(dim A) 2 



X 



X 



X 



1 



dimX 



x^ 



X 



X 



Note that dimXi is non-zero in any semisimple rigid category in which X** ~ X 
(see, e.g., pK| , Section 2.4]). In particular, this implies diniRcpA-'^ 7^ and thus, 
dimX = (dimA)(dimRepA^) ^ (see Theorem 3.5]). 

Proof. Let us rewrite the left hand side as shown in Figure ^ Using Lemma 1.15, 
Lemma 5.3 from [K0|, we see that the left hand side is the composition 

X* (g)X X* (EiaX ^ {X* (g)A X)° 

where P is the projector Rep A Rep'^ A, and for V G Rep A, V° = PiV) is 
the maximal sub-object of V which lies in Rep° A. But if A is holomorphic, then 
the only simple object in Rcp'^ A is A itself, which is the unit object in Rep A. It 
appears in X* (E)a X with multiplicity one, and the right-hand side is exactly the 
projection of X* i^a X on A C X* i^a X . 



1 



(dim A) 2 



Figure 6. 



□ 
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For every X G Rep A, define morphism Tx : A — > A by the following graph: 



(4.1) 



T 



X 



4.5. Lemma. If X ^ Rep A is simple, then ^.^ ^ Tx is an automorphism of A as 
a C-algebra. 



Proof. Let us calculate /i o {Tx ® Tx)- Using Lemma 4.4 we can rewrite the graph 
defining /i o (Tx ® Tx) as shown in Figure |^. (Note that we need to use R\j^ = 1 



(Corollary 2.12) to move the "ring" through A\ the last step also uses Lemma 1.10 
from [pfflt.) This shows that ^ o (Tx ® Tx) = (dimX)Tx o pL. In other words, 



dim X ^ morphism of C-algebras. But it easily follows from Theorem 2.15 that 
every such morphism is cither zero or invertible. Restricting Tx to 1 C A, we see 
that Tx is non-zero; thus, ^ Tx is an automorphism. □ 

4.6. Lemma. 



dimX 



X 



Tx 



X 



Proof. Using Lemma 4.4 and R\j^ = id, we can rewrite the left hand side as shown 
in Figure ||. 

□ 

The statement of the theorem easily follows from these two lemmas. Indeed, 



combining Lemma 4.5 with Corollary 2.16 we see that x ~ ""s so'^s g € 



G. On the other hand, Lemma gives fioR 



and thus, ^.o = jio (tt^ ^ 



dimX 



)id) 



po[TTg®id) 

id). This completes the proof of Theorem 4.3 □ 



gix). 



Let us study some properties of the correspondence X 

4.7. Theorem. Let X G Rep A he simple. Then 

(1) For h G G, let X^ G Rep A coincide with X as an object of C, but with a 
twisted action of A : nx>^ = MJf o {ttu ® id). Then g{X''') = h^^g(X)h. 

(2) giX)^l iffX^A. 

(3) g{X*) = g{X)-\ 

(4) IfX,Y G Rep A are simple then so is X^aY and g{X<g)AY) = g{X)g{Y). 

(5) If X,Y G Rep A are simple and non- is amorphic, then g{X) ^ g{Y). 
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Figure 7. Proof of Lemma ^ 



Proof. (1) is immediate from the definitions. (2) follows from the fact that the only 
simple object in Rep° A is A. To prove (3) and (4), we will use the following lemma 
which easily follows from Lemma 1.15 in [|KC| . 

4.8. Lemma. Tx^.y = ^TxTy . 
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1 

dimX 



X 



X 



1 

dim X 




(dim A) 2 





Figure 8. Proof of Lemma 



This lemma implies that Tj 



for some c G C. On the other 
hand, X (^aX* ^ A® Y^^^q N,Xi, and Tx(SaX' =Tri+J2 CiT^gix,)- Since, by (2), 
g{Xi) ^ 1 for i 7^ and the operators tt^ are linearly independent, we see that 
these two expressions can be equal only if X ®a X* ~ A,g{X)g{X*) — 1. 

To prove (4), note that X* ®a {X ®a Y) {X* ®a X) ®aY ~ A®aY -^fY is 
simple, which immediately implies that X^a Y is simple. The identity g{X®AY) = 
g{X)g{Y) immediately follows from Lemma 4.8. 

Finally, to prove (5) note that (3) and (4) imply g(X) = g{Y) 4=^ g{X*)g{Y) = 
g{X* ®A Y) = 1. By (2), this is only possible if X* ®aY ^ A. □ 



4.9. Corollary. The map X ^ g{X) is a bijection between the set of isomorphism 
classes of simple objects in Rep^ and some normal subgroup H <Z G. 

We will denote the unique simple g-twisted object X e Rep^ by Xg] then 



Theorem 4.7 implies that 
(4.2) 



X„ 



Xh — x„ 
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Combining this with multiphcativity of dimension and ||KC)| , Theorem 3.5], we see 
that 

dimX 

g ^ dim A X = — - 

dim /I 

is a character of the group H d G. Since H is a finite group, this immediately 
imphes the foUowing result. 

4.10. Lemma. For any simple X e Rep A, | | = 1. 

In particular, if dimX > (which happens if C is a unitary category in the sense 
of Turaev), then this implies dimXg — dim A = |G|. 

5. Twisted sectors 

Now that we have a description of irreducible objects in Rep A in terms of the 
group G, we can move on to our ultimate goal: description of irreducible objects in 
C. As before, we assume that A is rigid, 9a — id and holomorphic (Rep" A = Vec), 
and G is a finite group acting faithfully on A. 



It is immediate from the identity (M, G{X))c = (F(M), X)Rep A (see |<0|) that 
every simple G C appears in the decomposition of some Xg G Rep A (considered 
as an object of C). Thus, our first goal is to study the decomposition 

(5.1) Xg^^Ng^^L,. 



Note that it immediately follows from Theorem 4.7 that as an object of C, Xg 
X/jg/j-i; thus, the multiplicities Ng^i only depend on the conjugacy class of g. 



Our strategy in studying decomposition (5.1) is parallel to the approach taken in 
Section || to study the decomposition of A = Xi. However, instead of the functor 
$ : Rep G ^ C which was defined using A, we will define functor : Rep Z?(G) — > C 
using A — ^g^cXg, where D{G) is the Drinfeld double of G (see Section^). 
First of all, we need to define algebra structure on A. To do so, note that it 



follows from Theorem 4.7 that for every g,h E G there exists a unique up to a 
constant isomorphism of A-modules 

(5.2) Jlg^h Xg Xh ^ Xgh. 

Considering morphisms Xg (E)a Xh (Sa Xk Xghk obtained as compositions of 
/i, we get 

(5.3) Jig^hk o (1 ®A V'h.k) = w(g, k)Jlgii^k ° {Jig.h ®A 1) 

for some Lu{g,h,k) G C^. One immediately sees that is a 3-cocycle on G with 
values in and that rcscaling /i by Jlg^h ^ V-g,h • /(ff, h) results in replacing lo by 
a a cohomological one. Thus, the class [uj] e i7'^(G,C^) is well-defined. 

To simplify the exposition, in this paper we only consider the simplest case lu = 1. 
General case is similar but will involve "twisted" version of Drinfeld double, as in 



DPR I, and will be discussed elsewhere. Note also that rcscaling Jlgh '-^ cjlg^h where 
c G is independent of g,h, does not change lu; thus, without loss of generality 
we can assume that /ii.i : A >S>a A —>■ A coincides with the multiplication map fi. 

5.1. Assumption. From now on, we assume that lu = 1 and Jli^i = fi. 

In this case, the morphism 

(5.4) Jl = ^Jlg^h - Ac^aA^ A 
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is associative. We will also use the the same symbol ^ for the composition 



A 



where the first morphism is the canonical projection. This morphism defines on A 
the structure of an associative (but not commutative) C-algebra. 



5.2. Lemma. Under Assumption 5.1, 

(1) The morphisms Jti^g'- A ® Xg 
fJ'Xg , o ^A^Xg respectively. 

(2) The morphisms 



Xg,fJ.g^i: Xg ® A 



Xg coincide with 



(5.5) 



(5.6) 



X„ 



>x. 



A = Xi 



^ Xi= A- 

(dim 



> Xg ®A Xg-l 



X„ 



<Xg-l 



satisfy the rigidity axioms and thus define an isomorphism 



Xg-i 



x: 



( We use the fact that X (E)a Y is canonically a direct summand in X ®Y , 
see 



KO, Corollary 1.16]). 



(3) For all . 



AivaXg 
dim j4 



= 1. 



The proof is left to the reader as an exercise. 



Now let us define an action of G on A. It follows from Theorem |4.7| that for 
every g,x £ G there exists a unique up to a constant yl-niorphism 



(5.7) 



Equivalently, is a C-niorphism X^ X^ 



Xgxg 1 • 

1 such that 



^xig) o ^ o (vr^ (g) 1) = ^ o (1 (g) ipxig)) : A®X,j: 



X„ 



•-xg- 



Considering composition Xg^g-i — '—^ Xi^g^(^i^g-j 

ness, we see that 

(5.8) fgxg-^ {h)ipx{g) = c^ig, h)ip^{hg) 

for some Cx{g,h) £ . 

In particular, denoting by Z{x) the centralizer of x: 

Z{x) = {g e G \ gx ^ xg} 

we see that g i-^ ^x{g) defines a projective action of Z{x) on X^- 

5.3. Lemma. If lu = 1, then ^g{x) can be chosen so that Cx{g, h) = 1. 

Proof. Define ^Px{g) by Figure || (where we used ( |5.6| ) to identify X* ~ Xg-i). We 
leave it to the reader to check that so defined if satisfies the associativity property 
i^) with cx{g,h) = l. 

□ 



- 1 and using unique- 



5.4. Example. Let x = 1, Xi = A. Then it immediately follows from the construc- 



tion given in the proof of Theorem 4.3 and Lemma 5.2 that '~pi{g) 



i T — TT 
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Figure 9. Definition of (px{g) X^. ^ X 



5.5. Lemma. If uj = \ and Lp is defined as in Lemma 5.3 then tp is compatible with 
Jl, i.e., the following diagram is commutative: 

Xx Xy > Xxy 

(5.9) Vxyig) 

Xgxg^^ ® Xgyg-^ ^ Xgxyg — ^ 

5.6. Remark. In general case {uj ^ 1), it is easy to see that ( |5.9| ) is commutative up 
to a constant factor 'jx.yig) £ C^. We plan to show in a forthcoming paper that 
both Cxjg, h) and "/x.yig) can be expressed in terms of w in a manner similar to 



DPR| , Equations 3.5.2, 3.5.3]. 



Denote 

^(g) ^^Vxig) - A. 

X 

Then we have the following result. (We assume that the reader is familiar with the 
definition and properties of the Drinfeld double D{G) of a finite group G; these 
results are briefiy reviewed in Section ^.) 



5.7. Theorem. Let uj — 1 and tp defined as in Lemma 5.3. Define the map 
(p: D{G) Endci by 

q I— > (p(g) 

(5.10) / 

Oh ^ Ph, 

where ph '. ^ Xx ® Xx is the projection on . Then ip defines an action of 
D{G) on A by C-endomorphisms. This action preserves multiplication Jl: for every 
X e D{G), o ((p (^)A(a:) = 'p{x) o fi. 



Proof. Immediately follows from the commutation relations in D{G), Lemma 5.3 



and Lemma 5.5. □ 



Note that it follows from Example 5.4 that restriction of ip to C[G] C D{G), A C 



A coincides with the original action of G on ^. 

Thus, we have a situation analogous to that of Section ^ we have an associative 
C-algebra A on which D{G) acts by endomorphisms. Analogously to definition in 
Section ^ let C[D(G)] be the category with objects: pairs (M e C,p: D{G) 
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Endc(M)) and morphisms: C-niorphisms commuting with the action of D{G). We 
have the following results which are parallel to those given in Section I for C[G]. 

5.8. Lemma. 



(1) C[D{G)] has a canonical structure of a rigid monoidal category 

(2) Both RepL'(G') and C are naturally subcategories in C[D(G)]. This, in 
particular, allows us to define the functor of exterior tensor product 

m-. Rep i?(G) X C[D{G)] C[D{G)]. 

(3) C[D{G)] is a semisimple abelian category with simple objects V^_^ MLi. 

(4) C[D{G)] is braided with the commutativity isomorphism 

(5.11) i?^ = i?oi?^(G) 

where R^^^^ is the R-matrix of D{G). 

(5) For V C,W Rep Z?[G'] considered as objects in C[D{G)], one has 

The proof of this lemma is left to the reader as an exercise. Note that unlike 
C[G] case, R^ does not coincide with the usual commutativity isomorphism in C. 
We can also define the notion of ''D{G) invariants". Namely, define functors 

Rep i:>(G) Vec 

V ^ ^ Hom£,(G)(C, V) 

and 

C[D{G)]^C 

®v^ mu^ F^^*^' m u 

(or, more formally, by Homc(i, Af'^^'-^^) = Homcj/jfc)] (L, M) where L G C is con- 
sidered as an object of C[D{G)] with trivial action of D{G)). Using semisimplicity 
of D{G), one easily sees that M^^'^' is canonically a direct summand in M, and 
that for every L,M ^ C[D{G)] there is a canonical embedding 



5.9. Theorem. A is an associative commutative algebra in C[D{Gy\ [with multi- 
plication Jl and action of D{G) defined as in Theorem Kf), and i^^'^^ ^ A'^ = 1. 

Proof. The only part which is not obvious is the fact that A is commutative (with 
respect to R^ , not R\), i.e. that the composition 

A®A^ > A®A^ A®A^ A 



coincides with /i. To prove it note that explicit formula (3J) for R^^^^ shows that 
this composition, when restricted to Xg-^ ® Xg^ , is equal to 



Xg, ® X 



92 



X 



gi 



'X„ 



X„ 



'X. 



91 



X 



9192 ■ 



gi929i 919291 

Using presentation of ^p{gi) given in Figure ^ and associativity of Jl, we can rewrite 
it as shown in Figure |l^, which shows that it is equal to Jl. 

□ 
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1 

dim A 




Figure 10. Proof of commutativity of ^ with respect to iV- 



Now, define the functor $: Rep£'(G') C by 
(5.12) ^{V) = {V ® A)'^'^^^ 



(cf. with (|2.l|)) and functorial niorphisni J: ^{V) ® 
it reverses the order!) by 



^(W®V) (note that 



(5.13) 



^ {w ® (V ® A)^^^^ ® A 
^{W®V® i)-"'^) = <^{W ® V) 



% ((F0i)^(«)( 

D{G) 



~\D{G) 



> A® A) 



D{G) 



(cf. Theorem p^ ). Please note that by Lemma 5^(5), in the second Une can be 
replaced by {R^) ^; this will be used in the future. The definition of J is illustrated 
in Figure |ll|, where — unlike all previous figures in this paper — crossings represent 
and not R, and the dashed line represents object A. The boxes are the canonical 
embeddings {V ® A)°^'-^'> '-^V ®A and projections V ® A ^ {V A)°^'^K 

5.10. Theorem. J is compatible with associativity, unit isomorphisms and reverses 
commutativity isomorphism, i.e. Jo Rr^ = <^{R^^'^'^) o J. 

Proof. The only one which is not obvious is the commutativity isomorphisms, proof 
of which is shown in Figure |l^, which uses the same conventions as Figure |ll|. 

□ 
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Figure 1 1 . Definition of J 



Now, repeating with obvious changes the same steps as in Section ||, we get the 
following results. We denote by D(G) the set of isomorphism classes of irreducible 
representations of D{G) and for each A G D{G) we choose a representative V\. 

5.11. Theorem. (1) For any A G D{G), $(Va) is either zero or an irreducible 
object in C. 

(2) If X, fi G D{G) are such that ^{Vx),^{Vf^) are non-zero, and X ii, then 

(3) //AG D(G) and <^>{Vx) ^ 0, then J: ^Vx) ® ^{V Vx) is an 
isomorphism. 

(4) Let / = {A G D{G) \ $(Va) ^ 0}, and let A be the abelian subcategory in 
D{G) generated by Vx, AG/. Then A is a subcategory in Rep/)(G') which 
is closed under taking submodules, tensor product, and duality. 



Combining this last part with Theorem 2.11 and Theorem 3.(:, we get the fol- 
lowing theorem, which is the main result of this paper. 

5.12. Theorem. Assume that action of G is faithful and uj = 1. Let H C G be the 
normal subgroup defined in Corollary ^.9| . Then the functor $: Rep/?(G) — > C de- 
fined by ( |5.12| ) is an equivalence (Rep D{G, H))°p — > C. ( The category Rep D{G, H) 
is defined in (3.7) and (Rep D{G, H))°p is Rep/?(G', //) with opposite tensor prod- 
uct, see ( |3.6| ).) 

//, in addition, C is modular then H = G and thus, $ is an equivalence 
(Rep D{G)yP ~ C. 



5.13. Corollary. Let t: Rep D{G) (Rcp/)(G))°P be as defined in (^. Then 
the composition $or : V i— > ^(V^) is an equivalence of tensor categories Rep D(G, H) 
C. If C is modular, this gives an equivalence Rep D{G) — > C. 



Combining this result with the results of 
in the introduction. 



, we get the theorem formulated 
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= 4>(i?-l) J. 



Figure 12. 



5.14. Corollary. 



(1) For every g £ H , Xg considered as an object of C has decomposition 

where the sum is over tt G Z{g), and tt is the vector space of the represen- 
tation TT. 

(2) For every simple object Li G C there exists a unique conjugacy class C in 
G such that Li appears in decomposition of Xg iff g G C . 



Proof. Follows from the previous corollary and Equation (3.4). □ 



6. D{G) REVISITED 

It is instructive to explicitly describe the constructions of the previous sections, 
and in particular equivalence Rep I?(G) ^ C in the case when C = RepD(G), A = 
J-{G), so that G acts on A by automorphisms and Rep" A ^ Vec (see Section ||). 
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It is natural to expect that in this case, the functor C ^ KepD{G) is the identity 
functor; as we will show, this is indeed so. 

We already have explicit description of the modules Xg. The "multiplication" 

map Jl: Xg^ (g) Xg^ Xg^g.^ is given by 

We leave it to the reader to check that this map is indeed a morphism of A-modules, 
and is associative. Explicit calculation also shows that the map Lpx{g)'. X^ — > 
Xg^g-i defined by Figure |^ can be explicitly written as 

(6-1) "^xig)- da^^ ea.bg-^ 

The object 

A = Xg — 'Ce^^y 
x,y 

is a D{G) ® L)(G')-module: the first action is defined as in Theorem |3.7| and the 
second action comes from the fact that each Xg is an object of C = Rep _D(G'). 
Explicitly, these two actions are written as follows: 

(6.2) '^^{g)ex,y = e^^yg^i, ir^ {Sh)ex.,y ^ 5^ 



x,y ^x^yg^ ^ 1 " \^li}^x.y ^h.y^^xy^x^y: 

(6-3) '^'^i9)eX,y — Sgxg-l^gy, TT ^ ( (^ft ) 63; , = (S/j , Bj; , . 

This bi- module admits a more explicit description. Namely, consider D{G) as a 
D{G) ® £)(G')-module by ■n^{x)a = xa, n^{x)a — aS{x), where 5 is the antipode in 
D(G). Since D{G) is semisimple as an associative algebra, we have 



DiG)^^Vg,^(^V^ 



considered as a i?(G) (8)D(G')-module: the first copy of D{G) acts on the first factor 
in the tensor product, the second on the second. This also shows that the functor 
V 1-^ {V D{G))^'^'^^ (we consider invariants with respect to the action of D{G) 
on the tensor product given by tt^; thus, this space becomes a £)(G)-module via 
TT^) can be canonically identified with the identity functor. 

How is this related to Al The answer is given by the following simple lemma. 



6.1. Lemma. Let r: D{G) D(G) he defined by and let D{GY he D{G) 

considered as a D{G) (E> D{G)-module hy TT^{x)a — xa,7r^(x)a = aS{Tx). Then the 
map 



A = ^Cx,y^D{Gy 

Sx.y '"^ y ^^x 

is an isomorphism of D(G) ® D{G)- modules. 
The proof is obtained by direct calculation. 

Note: the map fi: A®A A does not coincide with the multiplication in D{G)\ 

6.2. Corollary. (1) As a D{G) ® D{G)-module, A ~ V^^ ® Vg*^ 

(2) The functor $ : i— > (1/ (g) Jl)^^'^' is canonically isomorphic to r. 



Thus, the functor $ o r described in Corollary 5.13 can be identified with the 
identity functor, as should have been expected. 
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